Abstract--Surface permanent magnet-type vernier motors with three magnet array-type rotors (parallel magnetized type, repulsion type, and Halbach type) are compared based on the pull-out torque. It was clarified that increasing the rotor radius increases the pull-out torque at a fixed three-phase alternating voltage. The mechanism for the pull-out torque increase on each magnet array type was different, when the effects of the increase were analyzed based on an induced electromotive force and a synchronous reactance. As a result, the design of the Halbach-type rotor was found to be especially effective for achieving high pullout torque, because this array type achieves a large induced electromotive force E 0 and a small synchronous reactance x s .
I. INTRODUCTION
A surface permanent magnet (SPM)-type vernier motor is a synchronous motor that runs at a slow speed and generates a high torque without a reduction gear. Therefore, a direct-drive system operated with this motor has advantages such as high-resolution positioning (nonbacklash), low friction loss and no maintenance. Moreover, the vernier motor theoretically can have a noncogging torque. So, this motor is suitable for direct-drive systems, and has been developed to increase the output torque [1] .
In the SPM-type vernier motor, a small displacement of the rotor produces a large displacement of the magnetic field [2] ; therefore, a large induced electromotive force is obtained at a slow speed and a high torque can be generated. To increase the induced electromotive force, the magnetic flux that is interlinked to the armature windings should be increased. Generally, a repulsion-type and a Halbach-type magnet array are used to increase the magnetic flux generating at the surface of magnet [3] , [4] .
In the SPM-type vernier motor, the magnetic flux, produced by the field magnets of the rotor, is modulated by a magnetic gap permeance wave, and the modulated magnetic flux is interlinked to the armature windings. The effect of this magnetic modulation depends on the magnetic structure around the gap [5] . In this paper, the following three magnet array-type rotors are compared according to the pull-out torque:
1) Parallel magnetized array type (standard type) 2) Repulsion array type 3) Halbach array type The pull-out torques on each array type are calculated by the γ-δ axis torque equation, which includes the induced electromotive force and the synchronous reactance. Additionally, these two elements are calculated using a 2 dimensional finite element analysis (2D FEA). It is found that when the rotor radius of these three magnet array types is increased 1.5-fold, the pull-out torque is increased 1.5-fold at a fixed alternating voltage of 125 V. However, the mechanism for the pull-out torque increase on each magnet array type is different. The results indicate that the design of the Halbach array type is especially effective for achieving high pull-out torque.
II. STRUCTURE AND OPERATIONAL PRINCIPLE
The effects of the rotor radius are investigated using an inner-rotor type vernier motor. The vernier structure, the three magnet array-type rotors, the specifications, and the operational principle of the SPM-type vernier motor are described in this section.
A. Structure of the SPM-type Vernier Motor
A 2-pole section of the SPM-type vernier motor is shown in Fig. 1 . The stator has 36 slots and ordinary three-phase armature windings, and generates 12 magnetic poles. The number of slots per pole per phase is 1. The rotor with the field magnets has 60 magnetic poles. In the SPM-type vernier motor, the number of slots S, poles P on the primary side, and field poles R on the secondary side are constructed based on the principle of the vernier, and the relationship between these parameters is shown in equation (1 
The rotor radius r o is increased from 89.7 to 134.7 mm (a 1.5-fold increase), where the gap length of 0.3 mm and the stator thickness of 65 mm are not changed. The tooth width and the open slot width are set to be equal at the gap side.
The three magnet array-type rotors are shown in Fig. 2 . In the parallel magnetized array type ( Fig. 2-a) , 60 pieces of magnets, which are magnetized parallel in the direction of the rotor radius axis, are arranged on the surface of the rotor. Additionally, the demagnetization area is set at a width of τ p /4 on both sides of a magnet piece (τ p is the pole pitch of the field magnets), and the rotor core is made of electrical steel sheet (50A290). In the repulsion array type (Fig. 2-b) , 60 pieces of magnets, which are magnetized in the direction of the circumferential axis, are arranged. A demagnetization area is not set, and the rotor core is made of a non-magnetic material. In the Halbach array type (Fig. 2-c) , 120 pieces of magnets, which are magnetized in the Halbach pattern [3] , are arranged. The width of the magnet pieces is τ p /2. A demagnetization area is not set, and the rotor core is made of a non-magnetic material.
The specifications are shown in Table I . The magnets in these array-type rotors are Nd-Fe-B rare earth magnets. The thickness of the magnets is 3 mm, 6 mm, and 10 mm, and the effects of the rotor radius are calculated for each magnet thickness. The core length is 60 mm.
B. Operational Principle
The operational principle of the SPM-type vernier motor is shown in Fig. 3 . This motor is driven by a threephase alternating voltage, and a rotating magnet field is generated in the gap of the motor. In this structure, the 5th harmonic wave of the rotating magnetic field is produced by the magneticmotive force of the three-phase armature windings and the magnetic gap permeance wave. The rotor rotates slowly while synchronizing the 5th harmonic wave of the rotating magnetic field, because the rotor has 60 magnetic poles. Therefore, the rotor speed is stepped down to 1/5 of the speed of the rotating magnetic field, and the torque is stepped up. Thus this motor works as a motor with magnetic gearing. The rotor speed is shown in equation (2):
where N is the synchronous speed (min
), and f is the power supply frequency (Hz). 
III. CALCULATION METHOD OF THE TORQUE
The pull-out torque is calculated by a torque equation on the γ-δ axis. This torque equation includes elements of the induced electromotive force and the synchronous reactance. Therefore, the effects of a pull-out torque increase can be analyzed easily.
A. γ-δ Axis Torque Equation
The torque equation is given in equation (3), when a field magnet is treated as an equivalent coil [6] :
where T is the torque (N-m), M F I F is the interlinkage magnetic flux (Wb), and I δ is the current on the δ axis (A).
When balanced steady-state operation is considered, the voltage equations on the γ-δ axis and the induced electromotive force equation are given in equations (4), (5) and (6) 
where V is the power supply voltage (V), r a is the resistance of the armature winding coil (Ω), x s is the synchronous reactance (Ω), φ is the power factor angle (rad), Rδ L /2 is the load angle (rad), I is the current (A), E 0 is the induced electromotive force (V), and ω is the power supply angular frequency (rad/s).
The currents on the γ and δ axis, given in equations (7) and (8) , are obtained by transforming equations (4) and (5), respectively. The γ-δ axis torque equation is given in equation (9): , and I γ is the current on the γ axis (A).
The torque of the SPM-type vernier motor can be calculated by equation (9), after the induced electromotive force E 0 and the synchronous reactance x s are calculated. It is found that the pull-out torque is proportional to E 0 and inversely proportional to x s .
B. Calculation of the Pull-out Torque
The procedure of the pull-out torque calculation is shown in Fig. 4 . In the first step, the induced electromotive force E 0 and the synchronous reactance 
where x a is the reactance of the armature reaction (Ω), x l is the leakage reactance (Ω), L is the inductance (H), ψ is the interlinked magnetic flux (Wb), i is the line current (A), X is the leakage coefficient, λ e is the coil-end length (m), l is the core length (m), m is the number of phases, p is the number of pole pairs, q is the number of slots per pole per phase, n s is the number of coil sides in a slot, c is the number of parallel circuits per phase (=1), k p is the short-pitch factor (=1), and k d is the distribution factor (=1).
The interlinked magnetic flux ψ for the armature windings of phase-a is calculated by 2D FEA, when the line current i for the phase-a is 10 A (i a = −2i b = −2i c ), and the reactance of the armature reaction x a is calculated by equation (11). Additionally, the armature reaction x a is corrected by the leakage reactance x l , which is the reactance by the coil-end leakage flux and is calculated by Kilgore's equations (12), (13) [7] , because the leakage reactance x l cannot considered in the 2D FEA. The calculation results of the coil specifications are shown in Table II. In the next step, the torque is calculated by equation Pull-out torque T p Fig. 4 . Procedure of pull-out torque calculation.
(9), and the pull-out torque is the maximum torque, which is calculated depending on the load angle.
IV. EFFECTS OF THE MAGNET ARRAY TYPE
The pull-out torques for the three magnet array-type rotors are calculated and analyzed by using the induced electromotive force E 0 and the synchronous reactance x s . The effects of the rotor radius increase are also investigated.
A. Characteristics of the Induced Electromotive Force
The characteristics of the induced electromotive force E 0 versus the rotor radius are shown in Fig. 5 . For the parallel magnetized array type (Fig. 5-a) , the induced electromotive force E 0 of magnet thickness 3 mm increases from 45.2 to 77.9 V (a 1.7-fold increase), when the rotor radius is increased from 89.7 to 134.7 mm (a 1.5-fold increase). The magnetic flux line of the parallel magnetized array type in the analysis of the induced electromotive force is shown in Fig. 6 . A cross-sectional area of teeth, which face the gap, is proportional to the rotor radius; therefore, the gap permeance increases 1.5-fold. However, the permeance for the zigzag leakage flux is inversely proportional to the rotor radius [8] . Therefore, a 1.7-fold increase is obtained for the magnet thicknesses 3, 6, and 10 mm.
In contrast, the induced electromotive force E 0 decreases when the magnet thickness is increased from 3 to 10 mm. The harmonics of the gap magnetic flux density distribution in the analysis of the induced electromotive force are shown in Fig. 7 . The fundamental wave for the gap magnetic flux density distribution is decreased when the magnet thickness is increased from 3 to 10 mm, because the effect of magnetic modulation depending on the magnetic gap permeance wave is decreased by increasing the equivalent gap length (gap + magnet thickness). When the magnet thickness 3 mm is considered, a large induced electromotive force E 0 is obtained compared with the other array types.
For the repulsion array type (Fig. 5-b ) and the Halbach array type (Fig. 5-c) , the induced electromotive force E 0 of the magnet thickness 10 mm increases 1.5-fold when the rotor radius is increased 1.5-fold, because the gap permeance increases 1.5-fold. For the Halbach array type, when the magnet thickness 10 mm is considered, a large induced electromotive force E 0 is obtained compared with the other array types. However, the induced electromotive force E 0 of magnet thickness 3 mm increases 1.2-fold, because the cross-sectional area for the magnetic path in the magnet, which is magnetized in the circumferential direction, is narrow depending on the magnet thickness, as shown in Fig. 8 . The harmonics of the gap magnetic flux density distribution are shown in Fig. 9 and Fig. 10 . When the magnet thickness is increased, the 5th wave increases. However, the fundamental wave is small compared with the parallel magnetized array type. The effect of magnetic modulation depending on the magnetic gap permeance wave is decreased because the rotor core are made of non-magnetic material.
B. Characteristics of the Synchronous Reactance
The characteristics of the synchronous reactance x s versus the rotor radius are shown in Fig. 11 . For the parallel magnetized array type, the synchronous reactance x s of magnet thickness 3 mm increases from 5.3 to 6.5 Ω (a 1.2-fold increase), when the rotor radius is increased 1.5-fold. Though the permeance in the gap increases, the permeance in the slot decreases depending on the rotor radius increase, because the slot width is increased [8] .
For the repulsion array type and the Halbach array type, the synchronous reactance x s is 3.0 Ω at the rotor radius of 89.7 mm and decreases to 2.8 Ω, when the rotor radius is increased to 134.7 mm, because the open slot width is increased. The synchronous reactance x s of these array types is small compared with that of the parallel magnetized array type, because the rotor core are made of non-magnetic material.
C. Characteristics of the Pull-out Torque
The characteristics of the pull-out torque versus the rotor radius are shown in Fig. 12 . In all array types, when the magnet thickness is 10 mm, a high pull-out torque is obtained. When the rotor radius increases from 89.7 to 134.7 mm (a 1.5-fold increase), the pull-out torque of the magnet thickness 10 mm increases from 177 to 274 N-m (a 1.5-fold increase) for the parallel magnetized array type ( Fig. 12-a) . This increase is obtained by a 1.7-fold increase of the induced electromotive force E 0 and a 1.1-fold small increase of the synchronous reactance x s . The pull-out torque of the magnet thickness 3 mm increases from 156 to 218 N-m (a 1.4-fold increase). In the parallel magnetized array type, the induced electromotive force E 0 and the synchronous reactance x s increase when the rotor radius increases.
For the repulsion array type (Fig. 12-b) , the pull-out torque of magnet thickness 10 mm increases from 188 to 282 N-m (a 1.5-fold increase), when the rotor radius is increased from 89.7 to 134.7 mm (a 1.5-fold increase). The pull-out torque increase is obtained by a 1.5-fold increase of the induced electromotive force E 0 and a 0.94-fold decrease of the synchronous reactance x s . The pullout torque of magnet thickness 3 mm increases from 137 to 176 N-m (a 1.3-fold increase).
For the Halbach array type (Fig. 12-c) , the pull-out torque of the magnet thickness 10 mm increases from 236 to 350 N-m (a 1.5-fold increase), when the rotor radius is increased from 89.7 to 134.7 mm (a 1.5-fold increase). The pull-out torque increase is obtained by a 1.5-fold large increase of the induced electromotive force E 0 and a 0.94-fold decrease of the synchronous reactance x s . The pull-out torque of magnet thickness 3 mm increases from 179 to 232 N-m (a 1.3-fold increase).
In the repulsion array type and the Halbach array type, the synchronous reactance x s is decreased and the induced electromotive force E 0 is increased in contrast, when the rotor radius increases.
V. CONCLUSIONS
In this paper, three magnet array type for the SPMtype vernier motor were compared according to the pullout torque. As a result, high torque was obtained for the Halbach array type, and its design was found to be especially effective for achieving high pull-out torque.
When the rotor radius was increased from 89.7 to 134.7 mm (a 1.5-fold increase) at the magnet thickness 10 mm, the pull-out torque increased from 177 to 274 Nm (a 1.5-fold increase) in the parallel magnetized array type. This increase was obtained by a large 1.7-fold increase of the induced electromotive force E 0 and a small 1.1-fold increase of the synchronous reactance x s .
In the repulsion array type, the pull-out torque increased from 188 to 282 N-m (a 1.5-fold increase), when the rotor radius was increased at the magnet thickness 10 mm. In the Halbach array type, the pull-out torque increased from 236 to 350 N-m (a 1.5-fold increase). In the repulsion array type and the Halbach array type, the reduction of the synchronous reactance x s was influenced. Additionally, the large induced electromotive force E 0 was also obtained in the Halbach array type.
In the future, author will consider an optimal design of Halbach array-type rotor.
